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INTRODUCTION 

Dijkstra's (1959) tentative labeling algorithm has proved highly 
useful in solving a variety of network problems. These have ranged 
from prediction of the "flow" of fire along arcs in a dense network 
to estimation of travel times between population centers. 

O'Regan, et ale (1973) predicted the future perimeter location of 
a forest fire by forecasting the time it took a fire to travel 
between node pairs. Travel time was calculated from data on fuel 
type, fuel moisture content, slope along an arc, wind speed, and wind 
direction. In a large network, a fire could take many possible paths 
to each node. The minimum time needed for it to reach a particular 
node was computed by applying the Dijkstra algorithm. 

Elsner 
centers to 
then used 
resorts in 

(1971) estimated minimum travel distances from population 
recreation areas in California. These travel times were 
as a major variable in predicting ski usage of large 

the State. 

While working with the Dijkstra algorithm, we soon realized that 
it had many other possible applications. This report describes two 
computer subroutines based on the algorithm. The subroutines are 
useful in finding the shortest path between a selected node and other 
nodes, or in finding all shortest paths in a directed network. They 
are also useful in determining minimum cost paths in transportation 
networks and in other, broader decision-making problems. 

The algorithm assigns temporary and permanent labels (values) to 
the network nodes. A temporary node value represents an upper bound 
on the minimum time (or distance or cost) to go from the starting 
node to a particular node1 a permanent label is the minimum time to 
reach that node. An iterative process is used to relabel nodes from 
temporary to permanent, and the process stops when either the 
particular node or all nodes are labeled permanent. Thus, the 
algorithm can be used to find the minimum time path between two 
network nodes or the minimum time from a specific node to. all others 
in the network. 

The steps of the procedure are: 

(a) Assign to the starting node a permanent label value of 0 and to 
all other nodes the temporary value of infinity. 

(b) Reassign values of those temporarily labeled 
connected by arcs to the last permanently labeled 
to that permanent value the time associated with 
each arc. 

nodes that are 
node by adding 
traveling along 

(c) Scan all temporary node values and assign the one with the 
smallest value a permanent label. (In practice, only nodes 
adjacent to permanent nodes need to be scanned). 

1 



(d) Repeat steps band c, until either the node of interest or all 
nodes have been permanently labeled. 

We have not compared the computational efficiency of 'this 
algorithm with many others, but Dreyfus (1969) indicated that no more 
efficient algorithm existed at the time of his review. We did find 
the Dijkstra algorithm superior to both the Cascade algorithm (Farby, 
et ale 1967) and a "bends in the path" dynamic programming algorithm 
that was custom designed for use in a fire model. 

To demonstrate an application of these subroutines, we present an 
illustrative network and data matrix with costs for each arc in the 
network (Fig. 1). The flows are directed and in this example, the 
cost of going from node I to node J may not be equal to the cost of 
going from node J to node I (Fig. 2). 

The first subroutine (DIJKST) and corresponding illustrative 
calling routine (Appendix I) are appropriate for the case in which 
only m~n1ffium costs from a starting node to all others are required 
and the corresponding paths are not required. The second subroutine 
(DIJKS2) and corresponding illustrative calling routine (Appendix II) 
are for the situation in which the definition of the minimum paths is 
also required. This second routine requires additional computer 
storage space equal to the total number of nodes in the network. 

The computer output for each of these programs includes results 
from a starting node to all other nodes. This is the structure of 
the problem that the Dijkstra algorithm is designed to solve. But by 
simply treating each node as a starting node and employing the 
algorithm as many times as there are nodes, one can easily determine 
minimum costs or routes or both between all pairs of nodes in the 
network. (The solution to this type of problem is illustrated in 
Appendix I and II.) It should be noted, however, that Floyd's (1962) 
algorithm and Dantzig's (1966) algorithm for solving all possible 
pairs in a network are more efficient than Dijkstra's algorithm for 
this purpose (Minieka, 1974). 

The interpretation of the minimum path costs is straightforward, 
i.e., in the example problem the minimum cost of going from node 3 to 
node 9 is 11 units. 

The interpretation of th& routing list is not so straightforward, 
but is quite attractive in terms of defining all the m~n~mum routes 
in a small amount of space. The Ith element of the routing list 
contains the node number from which node I was reached on the minimum 
path from the chosen starting node to node I. For example, in the 
problem using DIJKS2, if we pick the starting node as node 1, then to 
get to node 10 by way of a minimum path we came (interpreting the 
routing list backwards) to node 10 from node 9, then to node 9 from 
node 8, to node 8 from node 4, and to node 4 from node 1. The 
corresponding link costs for this route add up to 17 as shown in the 
minimum path cost matrix. 
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A slight modification to the Dijkstra algorithm offers a 
possibility of improving its efficiency under special conditions. A 
bi-directional search 1/ procedure (Pohl 1971) can be used, if (a) 
both the starting and ending node are known, (b) the minimum path is 
significantly less costly than others, and (c) the costs associated 
with each arc are independent of the path to the adjacent nodes. 
That is, the Dijkstra algorithm is applied simultaneously at the 
start and end nodes. (The end node is treated as if it were the 
beginning.) The algorithm is applied to two distinct sets of 
permenent and temporary labels alternately. The process stops as 
soon as a node has two permanent label values. The minimum cost is 
the sum of these two permenent values and the route associated with 
this value can be found by decoding the network in both directions to 
the start and end nodes. 

Anothe"r method for improving the efficiency of the algorithm is 
to incorporate special computer storage and searching techniques. 
O'Regan, et aI, (1973) and Yen, (1972) describe special hashing, 
linking, and storage procedures that are useful for large networks. 
However, computer programs incorporating the bi-directional search 
method in the specialized storage and searching techniques are not 
sufficiently general to warrant inclusion in this report. 

1/ In the fire perimeter problem, for example, the time for the fire 
to cross an arc depends partly upon the time that the fire 
reaches the arc of interest. 
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Fig. 1 Network for Illustrating Application 
of the DIJKSTRA Algorithm 
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FROM 
NODE 

TO NODE 

1 2 3 4 5 6 7 8 9 

1 0 8 co 6 12 00 eo CD eo 

2 co 0 2 eo eo .. eo .. 10 

3 co CD 0 eo CD co 7 eo 11 

4 4 eo CD 0 co eo eo 3 eo 

5 7 3 eo 9 0 co eo 5 12 

6 CD 5 1 CD co 0 .. CD 6 

7 .. eo co co co 3 0 eo CD 

8 co CD co 3 eo CD CD 0 5 

9 co CD eo CD 7 eo co 00 0 

10 00 00 00 00 co 8 11 00 5 

Fig. 2 Directed arc "travel" costs for the 
illustrative network. 
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Appendix I 

DIJKST Subroutine and Illustration for Finding 
Hinimum Cost Routes in a Directed Network 

C;U'ipnUT T~lf nI Jk'C;T (cnST, T ,FLAr;,NC; J7!:" ."J. TSTAoT) 
C POOr,OA~ OIJk'c;r - MTNTMIIM PIITH snLI'TJ('It--' t:lY DTJI<STQA 
C TFNTA T I VF L At:lFL AL GOO JTHM 
,.. SEE: 
C ~TJKe;Toft, E.w •• A "lOTE ON Twn PPOt:lLFMS IN CnNNExTON WyTH 
r. r;PAPHS. 
C "JUMFoIC;CHf MATHEMATIK }:?~Q-?71 ()95Q) 
r 
C ~POGPAM"4ED RY MIKF TPAVIS. ,ttlNF }Q70 

J"JTFGFP rOC;TIN<;T7!:".}).TI}) 
C (A NFGATIVF VALUE MEliNe; TNFTNITF CO<;T) 

Lor;ICAL FLAG (N) .Fn"NO 
C rnST (J .,J) = rnST nF' (';OIN(; FOnM ",onE I TO ~IOnF J 
C T(I) = TOTAL rOST OF GOING FPOM e;TAPTIN(; POtNT TO Nnor I 
C FLA(;(Il = .F'AI e;E. IF T(I) re; TENTATTVF •• TRUE. TF PFPMANF'NT 

OATA LAor;F/9Q9QQ9/ 
r. t~ITIALTZE TOTAL rO<;TS ANn FLAGe; 

nn too I=I.N 
TII)=LAPr;,:: 

100 F'LAAII)=.F'ALSE. 
C SFT STAPTING NODE LAqEL 

T (JSTARf) =0 
C qFGIN - FINO e;~ALLF<;T TFMP. LM~FL 

1 IC;MALL=LAo(';F 
F'nl)Nn:.FALc;f. 
1"'10 ?OO I:}.'" 
IF(FlAG(J).O~.TII).AF.Tc;MALL)r;OTO 200 
TC:MALL=TITI 
IC:=T 
F'OlJ~,r'=. TPUF. 

200 r('lNTTMUF 
C nONf IF ALL LARELC; APE pEPMANENT 

IF' (.~JOT .FOIINO) (;OTO 2 
C ~AKF PFPMANENT THF SMALLEST TEMP LARFL 

FI.I\I';IIS)=.TPUF. 
C I)POA TE LAJ:JEL e; ON NONPFPMANPH CON"lECTFD NODEC; 

1"'10 300 I=l.1\J 
IF(FI AAII).O~.rO<;T(lS.I).LT.O)r,OTn 31)0 
TT=TIIS)+rn<;TITS.T) 
IF(IT.LT.T(I»TII)=TT 

100 rONTTNUF 
C PFPF"T 

r:,f')Tn ) 
r r:nMPI I::TFI) 

? rONTT"lUF: 
pc- TIIP~' 
F'ln 
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(' 1)I'"M()tI<;TOATF liT JK<;TOA ALr,(\PTT~t.A 'AT'H"'"M P/ITH <;"IIITlOI,'. 
r 'AIKF TP~VIC; \Je; FnoFST C;l'"pVTrv ~FpI(VI FY 
r ===================================================================== 
r 'IF T <l • J) 1 S TI-IF roc; T OF THV P /I TI-I vPOu NOf)~ l Tn ~IOOI=' J. 
r MT"J (J) RF:TIJONe; THV MT~IMIJM r,O<;T Tn Wlnf J F'~ot.A TI-I~ n~e; Tr;NII Tn, 
r C;TAPTINr; ~nnF. 
C ARRAY T~ HOLOC: FLIlr;<; f)1IJ~INr; JTFPIITIO~I. 

nTMF~c:IO"" f\II'"T(lO,lO) .t.Al"HIO) 
I) TMFI\j<; ION IF (1 fI) 

r ===================================================================== 
r DrAn IN T~F NFT~ooK OF PATHC; 
r 'InTF TI-IAT -
C A I\jFr;ATIVF CO<;T Ie; TAK~N TO MFII"J TNFT~TTF INn rO~NI='CTTnN) 
r ~JFT I T oj) I\IFFO ~OT fOIJAL NFT U' T) 

nn I T=1,Q,2 
OF II n } 0 , (t-.IF T ( T ,. J) ,J = } • 1 0) • (NF T ( 1 + 1 • J) ., J = 1 • 1 0 I 

}/\ FOP~AT(?OT4) 
r PRINT OIJT THf NETWORI<' 

POINT 4 
4 FOP"'AT(IHl,'CO<;T ARRAY'II) 

nl) ? 1=1.10 
;:> POINT 5, (NvT (J oJ) .J=lo 10) 
~ FOPt.AIIT(lX.IOI~) 

r ===================================================================== 
C CHOn<;E POINT , AS A e;TAPTINA pnTNT 

I C; T AC>T=1 
r PFPFf)P"l I.4INIMIIM PAT~ ANALY<;TS 
r 

C 1\ L L n I ,lK e; T ( ~ F: T • M TN, T F • I 0 • I 0 • T <; T A , ... T) 
r 
r p~T~JT I.4TN1",/I 

pOlt-.!T ':> 
~ FOPM/lT(lHlI12X.'NonEt.7X.''''II\IT MU", PATH COST<;t, 

POTNT 1)'5 
6~ FOPYAT(IX,Q(6H------» 

PPT~T 66.II<',K=1.10) 
~~ ~OQ~AT(lOx.IOT4) 

PPTI\IT (,~ 

PPT~IT 11.TC;TAOT."1JN 
II FOPMAT(IX,T4,'5X.IOI4) 

r ===================================================================== 
C 4F CAN no ALL NOnF:<; ~y ITFPATtNr; OVER THF STI\PTT~r, cnTNT 

pOTNT (, 
PPT~IT ('e; 

PPTNT 6~,II(.K=1.10) 
POTNT 6e; 
nn 100 r<;=1.10 

PPT~!T 11.re;.MTt-.1 
Ion rf)~ITPJUF 

r ===================================================================== 
r FNn OF nF"'ONC;TOATTON 

STf)P 
P,11l 
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COST ARRAY 

~ -1 ~ 1" -} -\ -1 -1 -1 
.) ? -1 -) -1 -1 ... 1 1 f' -1 

-1 (\ -1 -1 -1 7 -1 1 1 -1 
-1 -1 I) -1 -1 -1 3 -1 -1 

1 -1 Q I) -1 -1 t; 
1 " -1 

t; 1 -1 -1 f) -1 -1 f. :3 

-1 -1 -1 -) ) r\ -1 -1 -1 
-1 -1 1 -1 -1 -1 f\ 5 -1 
-1 -1 -1 7 -1 -1 -1 (\ 3 
-1 -1 -1 -1 4 11 -1 '5 , 
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NODE MtNtMU~ PAT~ CO~T~ 

-----~-~------~---------------------------------3 25 lS 26 18 7 ?3 11 13 
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NODE ~TNIMIJ~ PATY COC;TC; 

------------------------------------------------
1 I> 3 4 5 ,., 7 ~ 9 10 

------------------------------------------------, 0 8 10 f., 12 20 17 9 14 17 
2 24 0 2 2'5 17 l' Q I>? 10 13 
:3 25 IS " 26 1~ In 7 '3 11 13 
Y 4 12 14 I) IS lQ ?I 3 ~ II 
s 7 '3 c:; ~ 0 )e; l' 5 In 1'3 
"- 20 r; 1 ?1 13 f' ~ 18 6 3 
7 23 8 4 24 16 ~ " 1>1 9 " & 7 IS 17 '3 12 If., 19 0 C; 8 
9 14 10 12 IS 7 11 14 I? 0 3 

H> 19 13 9 20 12 A 11 17 S 0 

11 



Appendix II 

DIJKS2 Subroutine ann Illustration for Finding Minimum 
Costs anJ. Route Definitivlts in a Directed Newtwork 

c;tr4QOUTT~IF I)IJI(S?lro<;T.T.IP.~L,\G.~'SI7F.N.IC;T~PT) 
C PPOr.Q~M nLJI<'C;T - !.AI"HMIJM PAT .. c;nlIfTInt-J AY 01 JI(C;TQ~ 
r TFNTftTTVF LAAFL hLGOOTTHM 
C VFP<;TI'H:? - r,Pl£RIITEC; THF AC::C;OCl"T,FO POIITT"'G VFrTOP. 
r <:;FF: 

e nTJKC;TPA. E.~ •• A NOT~ ON TWO PPORLfMC; TN CONNFxToN WTTH 
C r.RAPH<;. 
C NUMEo I e;CHE M/I TI-lEt.1A TT I( 1: ;:»~Q-?71 (19C;Q) 
r 
C OPOr.Q/lMMED ~Y MII(F TPAVrc;. ,JIJNF 1Q70 

I~TFr.EP rOC;T(NC;ll~.l).Ttl) 

C (II NFGATJVF VALUF t.1EANS INFJNITF CO<;T) 
LOlHr~L FLAt, (N) .FflfJNQ 

r rOC;TIT.J) = roST OF t,OTNr. FonM MflnF T To NOOF J 
C Ttl) = TOTAL rnST OF GOINt, FOflM C;TARTING POINT TO NOOF I 
C FLAG(I> = .FALSE. IF T(I) Ie; TFNTATTVF •• TRIIF. TF PFPMANFNT 

nlt.1FNSION TR(N) 
C IR(I) CflNTAINC:: THF INnEX OF TH~ NonE FRO~ WHICH NODF I WAS 
e PFACHEI) ON THF" t.1INIMIIM PATI-l FRO'" THE CHne;Ft..I <;TAoTTNr. NOI')E TO 
r NOOE I. 
e <;n IF IR(I) CflNTATNS. SAY. J.CONe;lILT IR(J) TO nNO THE NF'XT NODE INWARD 
C TI")WARQ THE <;TART. RFPEAT '!"'TIL WF RFACH THF.: e;TAPTI~Ir. NOI')F. 
C (JP(fSTlloT) Ie; AL~AYC; 0 I 

OATA LAPt,F/Q9QQ99/ 
C INITIALIZE TOTAL COSTS ANI) FLllt,e; 

0('\ 100 1=1.'" 
T(II=LARt,F 

100 FI At,(I)=.FIIL<;F. 
r SFT STAPTINr. NODE LARFL 

TtTe;TARTl=n 
IP (I<;TAPTl =0 

C ~Fr,IN - FINO C::MALLF5T TEMP. LARFL 
1 ISMALL=LAPI';E 

FOUNf')=.F~l<:F. 

f')1') t?OO '=I.N 
IF(FLIIG(II.OR.T(I).GE.I<;MALLlt,OTO 200 
rc:t.1I1LL=T IT) 
T<:;=I 
FO"~I'l=. TRl/~. 

;>0 I') r()'IITT NUF 
C nONE IF ALL L"RELe; APE PfRMANFNT 

JF(.~IOT.FOII"JIl)r.()TO ;:» 
C MAKF PFPMANFNT THF SMALLfe;T TFMP LARFL 

FL /It, tI 5) =. TOUF • 
C IIPOUE LARFl e; 1)111 ~t()"'PFRM~NF"IT rrl"JNF.CTEO ~IOI)E<; 

no 10 n T = 1 • ~I 
IFtFlAGt}).OR.rO<;T(JC;.I).LT.n)r.OTO 100 
JT=T(IS)+r~ST(TS.T) 

IFIIT.GF.TII»r.I')Tn 300 
TITl=TT 
T;.)II)=Ie; 

1/)(\ rnt\JTPJUF 
r OFPFf.T 

r,()Tn ) 
r r:n!.APII'"T.n 

~ rO"JTI'JlJF 
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(' 

(' 

r: 
r 

r 
r 
r. 

r 

r 
r: 

r 
r 
r 
r. 
c 

(' 

r 
C 

r 
(' 

r. 

nl'""'O~'<;T"'/\TI'" nLIt(C:;TOA h,-r,()OrT~'-l <:;fll IITT()~' T() "'T"IT""'" C'>I T~ 
cn<;T lI"Jn D()IIT T~!(; PO{)flII'"M. 
'·411<,:' TP'vI<; '1<:; I'"nDF<;T <;I'"PIITrl' .FD"',:'I FY 
=::================================================================== 
'1FT IT. II Ie; T\.IF ("'()C:;T ()F TI-lF P", TH n~()v NnnF t Tt) ~.'OI)I'" I. 
'AtN! J) t)fTIIP~JC:; Tl-fl'" MTNTIAIIM ("'()<;T Tfl "J()I)F J F~OM T"'I'" nFc:tr;"IATFn 
c:;T IIPT I ~Ir, "Jr)I')F. 

rtMnJ<;Im.1 NFT()O.IOI.MTN(lOI 
"PPAV TF 11r)l.nc: FI.Ar,c:; nIH~TNr, TTF;}I\TIO~'. 

nT4FNc:;ION TF()nl 
TPOllTF' PETIIP"JC: THI'" IU1IJTIW; T"IFnOMIITt()~J A<;<;OCT4TI'"f'1 WTTH A 
""INTMt)M OAT\.I <:I)Lf/TTO~'. 

nT'~F"IC:;ToN TOOIlTF()OI 
===================================================================== 
RFlln TN THF NFTIt/()OK nF PATHC:; 
'·IOTF THII T -

A "JFt;ATIVI'" CO<;T Ie; TA~F"I TO MI'"~N T"JFtNTTF (Nn rO"lNI'"CT 10"1 1 
~IET(foJl ~'I'",=I') ,,'OT fl')tlAL MFT(J.Il 
,",,1 J I=1,Q.2 
pr:An 10. ("1FT (t oj) d=I.I01, (NFT (I +10.11 oJ=I.IO) 

II) F(lPMAT(2t)141 
PPINT OIlT THf NETWOPI(' 

PPTNT 4 
4 FOP"'IIT(lHl.'COC;T APPAY'/II 

nn ? T=I,10 
? PoJ~IT '5,(Nr-T(ToJl.J=1,10) 
~ FORM/lT(lx.10I~1 

================================~:==:=====:====:====:::============== 
C~OO~E POINT , A<; A ~TARTI~~ POINT 

T~TADT=' 
PFRFORM ~I".ITMtlM PATH At-IAlY<;T<; 

C PRINT MINIMUM COST~ AND OPTIMAL P"UTF~ 
PPTNT 6 

" FOPMI\T flHl//2x. 'NODE'. 7)(. ''''TNTMIJM PII TH CO~T~' .T61, 'oOIJTtt.JG ll~T') 
PoINT 6~.(I(',K=1.10).(I<.I('=],ln) 

,,~ FOPM~T(lW.l"("H------1.4H----. 

~/I0)(.10T4,T60.1014. 
~/l)(.16(6H------).4H----) 

PRINT 7. T<;TART ."'I~', tROIJT!:" 
7 FORMhTIIX.T4.'5x.10I4.T60.10141 

r =_=================================================================== 
C WF r~N no ALL PO~C:;IBIf. INTFQrON~If"r.TtO~S RY tTFRIITtNt; (WF.:P 
C TH~ <;T6RTINA NODF. 

PRTNT " 
PQ PH 6C;. (f('. K = 1 • 1 0 I • (K .1(' =) ,In) 
~n 100 T<;=1010 r __ _ 

PRINT 7.TC:;,MIN.TRntlTr: 
100 r.O"lTINUF 

r ===================================================================== 
r. F.ND OF nEMoN<;TPATTON 
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COST ARRAY 

R -1 f.t 12 -1 -1 -1 -1 "1 
n ? -1 -1 -1 -) -1 10 -1 

-1 n -1 -1 -1 7 -1 11 -I 
-1 -1 n -I -1 -1 1 -1 -1 

'3 -I 9 n -1 -I r; I? -1 
C; 1 -1 -1 n -1 -1 " ') 

-1 -1 -I -1 3 1"1 -1 -1 -1 
-1 -1 3 -1 -1 -1 () S -, 
-1 -1 ... , 7 -1 -1 -1 !' , 
-1 -1 -1 -1 q 11 -1 5 n 
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V' ... 
V' 
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'J ... 
oG 
Cl 

2: 
:;:) 
2: .... 
2 .... 
2' 

w 
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o z 

C' 

0-

(II) 

,.. 
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\II 
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,... 

'" 

t'" 

-
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<10 
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NO')f ~lMl~UM PATH ~OST~ ROIJTJMt; LT~T 
--------------------------------.-------------------------------------.-----------------------------

;> 3 4 5 ,. 7 ~ 9 10 1 ? 3 4 5 ~ 7 A Q 10 
------------------------------------------------------------------.---------------------------------

1 0 I:t 10 " 12 711 17 Q 14 11 0 1 2 1 1 7 3 4 I:t Q 
;> i?4 n 2 25 17 I? C; ;>2 10 11 5 0 2 8 9 7 , e; ? 9 
'l i?5 15 n 26 18 In 7 ?3 1 1 13 5 6 0 A 9 7 3 e; 3 " 4 4 12 14 11 Ie; Itl 21 3 A 1 I 4 1 2 I) 9 10 3 4 A 9 
<:. 7 'l e; A I) Ie; I? c; 11'\ 13 5 5 2 A 0 1 3 e; I:t Q 

" i?n c; 1 ?1 13 ,.. A IA 6 3 5 6 6 8 9 I) 3 C; I- ,., 
7 ;>3 8 4 74 16 'l " ?1 Q " 5 ,., 6 8 9 7 Il '5 " 6 
A 7 1<; 11 " 12 1" 19 0 C; "\ 4 1 2 A 9 10 10 0 A 9 
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